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TOPOLOGICALLY STABLE AND β-PERSISTENT POINTS OF
GROUP ACTIONS
ABDUL GAFFAR KHAN1 and TARUN DAS1
Abstract. In this paper, we introduce topologically stable points and β-persistent
points for finitely generated group actions on compact metric spaces. We prove
that every shadowable point of an expansive action on a compact metric space is
a topologically stable point. We justify that the expansivity of an action is not a
necessary condition for the topological stability of a shadowable point of that action
and the existence of a dense set of topologically stable points need not imply the
topological stability of that action. Finally, we prove that every equicontinuous
pointwise topologically stable action on a compact metric space is β-persistent.
1. Introduction
In [22], Utz called a homeomorphism to be unstable, if the orbits of any two dis-
tinct points under the homeomorphism can be made a constant distance apart at
some instant of integer time. Later such homeomorphisms are termed as expansive
homeomorphisms [2]. In the discrete topological dynamics, a motivation for the con-
cept of shadowing comes from the aim of tracing pseudo trajectories by an actual
trajectory of a system [1]. In [19], Morales has studied the concept of shadowing
for homeomorphisms from pointwise viewpoint and linked the shadowing with the
shadowing at a point. In [9], authors have explored the connection of shadowing with
specification of a homeomorphism from pointwise viewpoint and in [15], authors have
obtained a necessary and sufficient condition for a point to be a shadowable point of
a homeomorphism.
An important consequence of expansivity of a homeomorphism on a compact metric
space known as topological stability, was first studied by Walters in [23]. In [18],
Lewowicz called a system to be persistent if every orbit of the system can be seen
through an actual orbit of every small enough perturbed system. Every topologically
stable homeomorphism on a compact manifold is persistent but this need not be true
when the phase space is a compact metric space [21, Example 1]. Recently, in [17]
authors have studied topological stability from pointwise viewpoint and have proved
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that every shadowable point of an expansive homeomorphism on a compact metric
space is topologically stable. In [10], authors have proved that every equicontinuous
pointwise topologically stable homeomorphism on a compact metric space is persistent
which implies that every equicontinuous topologically stable homeomorphism on a
compact metric space is persistent.
In [20], authors have studied shadowing property for finitely generated group actions
and in [7], authors have introduced topological stability for such actions and have
proved that every expansive finitely generated group action on a compact metric
space with shadowing property is topologically stable. In [3], authors have studied
α-persistent and β-persistent finitely generated group actions to study the topological
stability of expansive actions on compact metric spaces. The β-persistent property of
Z-action is equivalent to the persistent property of a homeomorphism corresponding
to the positive cyclic generator of Z. In [16], authors have extended the notion of
shadowable points for finitely generated group actions and have proved that the set of
all shadowable points of a finitely generated group action on a compact metric space
is a Borel subset of the phase space. The study of expansivity, shadowing, topological
stability, persistent and their variants have also been explored from global viewpoint
for group actions in [4, 8, 11, 14].
This paper is distributed as follows. Section 2 gives necessary preliminaries required
for the remaining sections. In Section 3, we introduce topologically stable points for
finitely generated group actions and prove that every shadowable point of an expansive
finitely generated group action on a compact metric space is topologically stable. We
give an example to justify that the expansivity of a finitely generated group action
is not a necessary condition to guarantee the topologically stability of a shadowable
point of the action. We also give an an example to show that the existence of the dense
set of topologically stable points of the finitely generated group action need not imply
the topological stability of the action. In Section 4, we relate β-persistent points,
β-persistent property and β-persistent measures of finitely generated group actions
in order to prove that every equicontinuous pointwise topologically stable action on
a compact metric space is β-persistent.
2. Preliminaries
Throughout this paper, G denotes a finitely generated group with a finite symmetric
generating set S = {si : 1 ≤ i ≤ n}, for some n ∈ N i.e. S is a finite subset
of G, s ∈ S if and only if s−1 ∈ S and every element of G can be expressed as a
combination of finitely many elements of S. The number |G| denotes the cardinality
of G and (X, d) denotes a compact metric space. The set of all non-negative integers
(natural numbers respectively) is denoted by Z+ (N respectively). For each k ∈ Z+,
we denote Gk = {g ∈ G : |g| ≤ k}, where |g| denotes the length of g with respect to
the generating set S. We assume that the length of the identity element e is 0. For
a given δ > 0 and for each x ∈ X , we denote B(x, δ) = {y ∈ X : d(x, y) < δ} and
B[x, δ] = {y ∈ X : d(x, y) ≤ δ}.
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A group action on X with respect to the group G is a continuous map Φ : G×X →
X such that:
(i) For each g ∈ G, Φg(.) = Φ(g, .) is a homeomorphism on X .
(ii) For the identity element e ∈ G, Φe(x) = x, for each x ∈ X .
(iii) Φg(Φh(x)) = Φgh(x), for each pair g, h ∈ G and for each x ∈ X .
The class of all group actions on X with respect to G is denoted by Act(G,X). The
orbit of a point x ∈ X under a Φ ∈ Act(G,X) is given by OΦ(x) = {Φg(x) : g ∈ G}.
We define the metric dS on Act(G,X), with respect to the generating set S of G, by
dS(Φ,Ψ) = sup
s∈S,x∈X
d(Φs(x),Ψs(x)), for each pair Φ,Ψ ∈ Act(G,X). Let (Y, p) be a
metric space and let h : X → Y be a homeomorphism. For each Φ ∈ Act(G,X), we
define the action hΦh−1 ∈ Act(G,Y) by (hΦh−1)g = h ◦ Φg ◦ h
−1, for each g ∈ G.
Let Φ ∈ Act(G,X). Then a point x ∈ X is said to be a periodic point of Φ, if
OΦ(x) is finite. The set of all periodic points of Φ is denoted by P (Φ). We say that
Φ is minimal, if OΦ(x) is dense in X , for each x ∈ X .
An action Φ ∈ Act(G,X) is said to be equicontinuous, if for each ǫ > 0, there exists
a δ > 0 such that d(x, y) < δ implies that d(Φg(x),Φg(y)) < ǫ, for each g ∈ G and for
all x, y ∈ X . We say that x ∈ X is an equicontinuous point of Φ, if for each ǫ > 0,
there exists a δ > 0 depending on ǫ and x such that d(Φg(x),Φg(y)) < ǫ, for each
g ∈ G and for each y ∈ B(x, δ). The set of all equicontinuous points of Φ is denoted
by EX(Φ).
Let Φ ∈ Act(G,X) and let δ > 0. A map f : G → X is said to be a δ-pseudo
orbit of Φ (with respect to S) through B ⊆ X (x ∈ X respectively), if f(e) ∈ B
(f(e) = x respectively) and d(Φs(f(g)), f(sg)) < δ, for each s ∈ S and for each
g ∈ G. On the other hand, f is said to be δ-traced through Φ by some point x ∈ X ,
if d(Φg(x), f(g)) < δ, for each g ∈ G. We say that Φ has shadowing property (with
respect to S), if for each ǫ > 0, there exists a δ > 0 such that each δ-pseudo orbit
of Φ (with respect to S) can be ǫ-traced through Φ by a point of X . Recall that the
shadowing property of Φ is independent of the choice of a generator of G [20]. Let
Φ ∈ Act(G,X). Then we say that Φ has shadowing if Φ has shadowing with respect
to a symmetric generating set of G. A point x ∈ X is said to be a shadowable point
of Φ (with respect to S) [16], if for each ǫ > 0, there exists a δ > 0 such that each
δ-pseudo orbit of Φ (with respect to S) through x can be ǫ-traced through Φ by a
point of X . The set of all shadowable points of Φ (with respect to S) is denoted by
ShXS (Φ). Recall that the set of all shadowable points of Φ ∈ Act(G,X) is independent
of the choice of a generator of G and hence it is enough to study ShXS (Φ), for some
given symmetric generating set S of G. We say that a point is a shadowable point of
Φ if it is a shadowable point of Φ with respect to a symmetric generating set. Recall
that if G = Z is a group of integers, then the notion of shadowing (shadowable point
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respectively) of an action Φ ∈ Act(G,X) is equivalent to the notion of shadowing
(shadowable point respectively) of the homeomorphism Φ1 [19].
From [6, Lemma 4.1], we can deduce that if f : [0, 1]→ [0, 1] is a homeomorphism
having fixed points only as the end points of the interval, then f has shadowing
property.
An action Φ ∈ Act(G,X) is said to be expansive, if there exists a constant e > 0
such that for any pair of distinct points x, y ∈ X , there exists a g ∈ G such that
d(Φg(x),Φg(y)) > e. Such a constant e is said to be an expansivity constant of Φ.
Let f be a self homeomorphism of X . Then a point x ∈ X is said to be a minimally
expansive point of f [13], if there exists a c > 0 such that for each y ∈ B(x, c) and
for every pair of distinct points y1, y2 ∈ Of (y) = {fn(y) : n ∈ Z}, there exists an
m ∈ Z such that d(fm(y1), f
m(y2)) > c. Such a constant c is said to be an expansivity
constant for minimal expansivity of f at x. The set of all minimally expansive points
of f is denoted byMf(X). Recall that every minimally expansive shadowable point of
a self homeomorphism of a compact metric space is topologically stable [13, Theorem
2.7].
Let f be a self homeomorphism of (X, d). Then a point x ∈ X is said to be a
topologically stable point of f , if for every ǫ > 0, there exists a δ > 0 such that for
every self homeomorphism g of X satisfying supx∈X d(f(x), g(x)) ≤ δ, there exists a
continuous map h : Og(x) → X such that f ◦ h = h ◦ g and d(h(z), z) ≤ ǫ, for each
z ∈ Og(x) [17].
An action Φ ∈ Act(G,X) is said to be topologically stable (with respect to S),
if for each ǫ > 0, there exists a δ > 0 such that for each Ψ ∈ Act(G,X) satisfying
dS(Φ,Ψ) < δ, there exists a continuous map h : X → X such that Φg ◦h = h◦Ψg, for
each g ∈ G and d(h(x), x) < ǫ, for each x ∈ X . Recall that the topological stability of
Φ is independent of the choice of a generator of G [7]. We say that Φ is topologically
stable if Φ is topologically stable with respect to some symmetric generating set of G.
Let Φ ∈ Act(G,X). Then Φ is said to be β-persistent (with respect to S) through
a subset A ⊆ X , if for each ǫ > 0, there exists a δ > 0 such that for each Ψ ∈
Act(G,X) satisfying dS(Φ,Ψ) ≤ δ and for each x ∈ A, there exists a y ∈ X such that
d(Φg(x),Ψg(y)) ≤ ǫ, for each g ∈ G. Recall that the β-persistence of Φ is independent
of the choice of generating set [3]. We say that Φ is β-persistent if Φ is β-persistent
with respect to some symmetric generating set of G.
A Borel probability measure µ is a σ-additive measure defined on the Borel σ-
algebra B(X) of X such that µ(X) = 1. The set of all Borel probability measures on
X is denoted by M(X) and it is assumed to be equipped with the weak∗ topology.
We say that µ is supported on a subset B of X , if Supp(µ) ⊆ B. We denote the
Dirac measure supported on x ∈ X by mx i.e. mx(A) = 0, if x /∈ A and mx(A) = 1,
if x ∈ A.
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3. Pointwise Topological Stability
In this section, we introduce topologically stable point of a group action and prove
that the set of all topologically stable points is independent of the choice of a gen-
erating set of the group. Further, we prove a pointwise version of stability theorem
of Walters. Firstly, we introduce the notion of topologically stable point of actions
which extends the notion of topologically stable point of homeomorphisms [10].
Definition 3.1. Let Φ ∈ Act(G,X). Then a point x ∈ X is said to be a topologically
stable point of Φ (with respect to S) if for each ǫ > 0, there exists a δ > 0 such
that for each Ψ ∈ Act(G,X) satisfying dS(Φ,Ψ) < δ, there exists a continuous map
h : OΨ(x) → X such that Φg ◦ h = h ◦ Ψg, for each g ∈ G and d(h(y), y) < ǫ, for
each y ∈ OΨ(x). The set of all topologically stable points of Φ (with respect to S) is
denoted by TXS (Φ).
Remark 3.2. From the corresponding definitions, it is easy to check that every point
of the phase space under a topologically stable action is a topologically stable point. We
don’t know whether the converse of the last statement is true or not but we know that
there exists a non-topologically stable action having dense set of topologically stable
points (see Example 3.11).
Remark 3.3. If G = Z, then the notion of topologically stable point of Φ ∈ Act(G,X)
is equivalent to the notion of topologically stable point of the homeomorphism Φ1.
Proposition 3.4. Let Φ ∈ Act(G,X). Then TXS (Φ) = T
X
S′ (Φ), for every pair of
generating sets S and S ′ of G.
Proof. Let x ∈ TXS (Φ). For a given ǫ > 0, choose a δ > 0 by topological stability
of Φ (with respect to S) at x. Since Φg is uniformly continuous, for each g ∈ G,
we can choose an η > 0 such that dS′(Φ,Ψ) < η implies that dS(Φ,Ψ) < δ, for
each Ψ ∈ Act(G,X). Now, the proof follows from the fact that the existence of a
continuous map to guarantee the topological stability of Φ (with respect to S ′) at x
does not depend on the choice of a generator of G. 
From Proposition 3.4, we get that the topological stability of a point of an action
Φ ∈ Act(G,X) is independent of the choice of a generator of G. We say that a point is
a topologically stable point of Φ if it is a topologically stable point of Φ with respect
to some symmetric generating set of G.
Following Example 3.5 shows the existence of a group action having non-empty
set of topologically stable points. Therefore it is obvious to ask that when we can
guarantee the existence of topologically stable points of a group action. We provide
one such condition in the Theorem 3.9 of this section but before that we will explore
some properties of such points.
Example 3.5. Let g be a homeomorphism on an uncountable compact metric space
(Y, d0). Let p be a periodic point of g with prime period t ≥ 1. Let X = Y ∪E, where
E is an infinite enumerable set. Set Q =
⋃
k∈N{1, 2, 3} × {k} × {0, 1, 2, 3, ..., t− 1}.
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Suppose that r : N → E and s : Q → N are bijections. Consider the bijection
q : Q → E defined as q(i, k, j) = r(s(i, k, j)), for each (i, k, j) ∈ Q. Therefore any
point x ∈ E has the form x = q(i, k, j), for some (i, k, j) ∈ Q.
Consider the function d : X ×X → R+ defined by
d(a, b) =


0 if a = b,
d0(a, b) if a, b ∈ Y
1
k
+ d0(g
j(p), b) if a = q(i, k, j) and b ∈ Y
1
k
+ d0(a, g
j(p)) if a ∈ Y and b = q(i, k, j)
1
k
if a = q(i, k, j),b = q(l, k, j) and i 6= l
1
k
+ 1
m
+ d0(g
j(p), gr(p)) if a = q(i, k, j),b = q(i,m, r) and k 6= m or j 6= r
and f : X → X defined by
f(x) =
{
g(x) if x ∈ Y
q(i, k, (j + 1)) mod t if x = q(i, k, j).
Following steps as in [5, (4) on Page 3742-3743], we get that (X, d) is the compact
metric space and f is the homeomorphism. Now, consider the integral Heisenberg
group H =< a, b, c|ac = ca, bc = cb, ab = bac >. For every n ∈ N, we let x, y ∈
SL(n,Z) be such that xy = yx. Set,
a =

x In 00 x 0
0 0 x

 , b =

y 0 00 y In
0 0 y

 , c =

In 0 x−1y−10 In 0
0 0 In

 ,
where In denotes the identity matrix of order n×n. Clearly, a, b, c satisfy the relations
of H and H is a subgroup of SL(3n,Z). Now define the action Φ ∈ Act(H,X) as
follows: Φa(x) = f(x), Φb(x) = x and Φc(x) = x, for each x ∈ X. Clearly, every
point of E is an isolated point of X. Choose, z = q(i, k, j) ∈ E and ǫ < 1
k
. Let δ = ǫ
and Ψ ∈ Act(H,X) be such that dS(Φ,Ψ) < δ, where S is the symmetric generating
set containing ai, b, c and −t ≤ i ≤ t. Since Bd(f
i(z), ǫ) = {f i(z)}, for all −t ≤ i ≤ t,
we get that Φg(z) = Ψg(z), for each g ∈ H and OΨ(z) = {z, f(z), ...f
t−1(z)} = OΨ(z).
Define h : OΨ(z) → X such that h(Ψg(z)) = Φg(z), for each g ∈ H. Clearly, h is
a well defined continuous map such that Φ ◦ h = h ◦ Ψ and d(h(x), x) < ǫ, for each
x ∈ OΨ(z). From Proposition 3.4, we get that z is a topologically stable point of Φ.
Proposition 3.6. Let Φ ∈ Act(G,X). Then TXS (HΦH
−1) = H(TXS (Φ)), for each
homeomorphism H : X → Y .
Proof. Let x ∈ TXS (Φ). For a given ǫ > 0, choose an η > 0 by uniform continuity of
H . For this η, choose a δ > 0 by topological stability of Φ (with respect to S) at x.
For this δ, choose a γ > 0 by uniform continuity of H−1. Choose a Ψ ∈ Act(G,Y)
such that pS(HΦH
−1,Ψ) < γ. Clearly, dS(Φ, H
−1ΨH) < δ and hence there exists
a continuous map h : OH−1ΨH(x) → X by topological stability of Φ (with respect
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to S) at x. Note that the map h′ : OΨ(H(x)) → Y defined by h
′ = HhH−1 is
a well defined continuous map such that HΦgH
−1h = hΨg, for each g ∈ G and
p(h′(z), z) < ǫ, for each z ∈ OΨ(H(x)). Since ǫ is chosen arbitrarily, we get that
H(TXS (Φ)) ⊆ T
X
S (HΦH
−1). Replace X by Y , Y by X , H by H−1 and Φ by HΦH−1
in the last inclusion to complete the proof. 
Let Φ ∈ Act(G,X). We denote CLXS (Φ) = {x ∈ X : for each ǫ > 0, there exists
a Ψ ∈ Act(G,X) such that dS(Φ,Ψ) < ǫ and x ∈ P (Ψ)}. It is easy to check that
CLXS (Φ) is independent of the choice of a generator of G.
Proposition 3.7. Let Φ ∈ Act(G,X). Then the following statements are true:
(1) CLXS (Φ) ∩ T
X
S (Φ) ⊆ P (Φ).
(2) If X is an infinite metric space and Φ is minimal, then CLXS (Φ)∩T
X
S (Φ) = φ.
(3) If X is an infinite metric space and Φ can be approximated by minimal actions,
then (P (Φ)◦) ∩ TXS (Φ) = φ.
Proof. Let Φ ∈ Act(G,X). Then,
(1) Choose an x ∈ CLXS (Φ) ∩ T
X
S (Φ). For a given ǫ > 0, choose a δ > 0 by
topological stability of Φ (with respect to S) at x. Since x ∈ CLXS (Φ), choose
a Ψ ∈ Act(G,X) satisfying dS(Φ,Ψ) < δ and x ∈ P (Ψ). Fix a continuous map
h : OΨ(x) → X such that Φgh = hΨg, for each g ∈ G and d(h(y), y) < ǫ, for
each y ∈ OΨ(x). Since x ∈ P (Ψ), we get that OΨ(x) is a finite subset of X
and hence h(OΨ(x)) is a finite subset of X implying that OΦ(h(x)) is a finite
subset of X . Since d(h(x), x) < ǫ, we get a periodic point of Φ in B(x, ǫ).
Since ǫ is chosen arbitrarily, we get that x ∈ P (Φ) which completes the proof.
(2) If X is an infinite metric space and Φ is minimal, then P (Φ) = φ and hence
from (i), we get that CLXS (Φ) ∩ T
X
S (Φ) = φ.
(3) On the contrary, assume that there exists an x ∈ (P (Φ)◦) ∩ TXS (Φ). Choose
an ǫ > 0 such that B(x, ǫ) ⊆ P (Φ). For this ǫ, choose a δ > 0 by topological
stability of Φ (with respect to S) at x. For this δ, choose a minimal action Ψ ∈
Act(G,X) such that dS(Φ,Ψ) < δ. Choose a continuous map h : OΨ(x)→ X
such that Φgh = hΨg, for each g ∈ G and d(h(y), y) < ǫ, for each y ∈ OΦ(x).
Since OΦ(h(x)) = h(OΨ(x)), OΨ(x) is dense in X and h is continuous, we
get that OΦ(h(x)) is dense in X . Since d(h(x), x) < ǫ, we get that h(x) ∈
P (Φ) implying that X is a finite metric space which is a contradiction to our
assumption and hence (P (Φ)◦) ∩ TXS (Φ) = φ.

Lemma 3.8. Let Φ ∈ Act(G,X) be expansive with an expansivity constant c. Then,
for each x ∈ X and for each ǫ > 0, there exists an N = N(ǫ, x) ∈ Z+ such that
sup
g∈GN
d(Φg(x), Φg(x
′)) ≤ c implies that d(x, x′) < ǫ.
Proof. On the contrary, assume that there exists an ǫ > 0 such that for each N ∈ Z+,
there exists an x′N ∈ X satisfying sup
g∈GN
d(Φg(x),Φg(x
′
N)) ≤ c and d(x, x
′
N ) ≥ ǫ. Since
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X is a compact metric space, we can assume that x′N → x
′, for some x′ ∈ X . Since
G = ∪N∈Z+GN , we get that d(Φg(x),Φg(x
′)) ≤ c, for each g ∈ G and d(x, x′) ≥ ǫ,
which contradicts the expansivity of Φ. 
Theorem 3.9. Let Φ ∈ Act(G,X) be expansive with expansivity constant c. Then
every shadowable point of Φ is a topologically stable point of Φ.
Proof. Let x ∈ ShXS (Φ). We claim that x ∈ T
X
S (Φ). For a given ǫ > 0 and for
η = min{ǫ,c}
8
, choose 0 < δ < η by shadowing property of Φ (with respect to S) through
x. Choose a Ψ ∈ Act(G,X) satisfying dS(Φ,Ψ) < δ. Note that d(Φs(Ψg(x)),Ψsg(x)) =
d(Φs(Ψg(x)),Ψs(Ψg(x))) < δ, for each s ∈ S and for each g ∈ G. Therefore the map
f : G→ X defined by f(g) = Ψg(x), for each g ∈ G, forms a δ-pseudo orbit of Φ (with
respect to S) through x. By shadowing property of Φ (with respect to S) through
x, choose and fix y ∈ B(x, η) satisfying d(Φg(y),Ψg(x)) < η, for each g ∈ G. Define
h : OΨ(x)→ X by h(Ψg(x)) = Φg(y), for each g ∈ G.
To check that h is well defined, choose g1, g2 ∈ G such that Ψg1(x) = Ψg2(x). Then
Ψg3g1(x) = Ψg3g2(x), for each g3 ∈ G and hence,
d(Φg3(Φg1(y)),Φg3(Φg2(y))) ≤ d(Φg3g1(y),Ψg3g1(x)) + d(Ψg3g1(x),Ψg3g2(x))
+ d(Ψg3g2(x),Φg3g2(y))
= d(Φg3g1(y),Ψg3g1(x)) + d(Ψg3g2(x),Φg3g2(y))
≤ 2η
< c, for each g3 ∈ G.
Since Φ is expansive with expansivity constant c, we get that Φg1(y) = Φg2(y)
implying that h is well defined. Moreover,
(Φs ◦ h)(Ψg(x)) = Φs ◦ (Φg(y)) = Φsg(y)
= h(Ψsg(x)) = h(Ψs(Ψg(x)))
= (h ◦Ψs)(Ψg(x)), for each s ∈ S and for each g ∈ G.
Therefore Φg ◦ h(z) = h ◦ Ψg(z), for each z ∈ OΨ(x). Also, d(h(Ψg(x)),Ψg(x)) < η,
for each g ∈ G implying that d(h(z), z) < η, for each z ∈ OΨ(x).
Now, we claim that h is uniformly continuous. For the y as above and 0 < ǫ < c,
choose an N ∈ Z+ from Lemma 3.8. Choose 0 < γ < ǫ such that d(u, v) < γ implies
that d(Ψg(u),Ψg(v)) <
c
2
, for each g ∈ GN and for each pair u, v ∈ X . Therefore for
each pair u, v ∈ OΨ(x) satisfying d(u, v) < γ, we have,
d(Φg(h(u)),Φg(h(v))) = d(h(Ψg(u)), h(Ψg(v)))
≤ d(h(Ψg(u)),Ψg(u)) + d(Ψg(u),Ψg(v)) + d(Ψg(v), h(Ψg(v)))
≤ 2η +
c
2
< c, for each g ∈ GN .
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Therefore d(h(u), h(v)) < ǫ. Since u and v are chosen arbitrarily, we get that h is
uniformly continuous. Since X is a compact metric space, we can extend h continu-
ously to a function h : OΨ(x) → X such that Φ ◦ h = h ◦ Ψ and d(h(z), z) < ǫ, for
each z ∈ OΨ(x), which completes the proof. 
Following example 3.10 justifies that the expansivity of an action to guarantee the
topological stability of a shadowable point of that action in Theorem 3.9 is sufficient
but not necessary. In the next Example 3.11 we provide a non-topologically stable
action having dense set of topologically stable points which justifies that the existence
of the dense set of topologically stable points need not imply the topological stability
of that action.
Example 3.10. Consider the homeomorphism f : [0, 1]→ [0, 1] defined as follows:
f(x) =
{
3
2
x if x ∈ [0, 1
2
]
1
2
x+ 1
2
if x ∈ [1
2
, 1].
We assume that [0, 1] is equipped with the usual metric. We observe that d(f(3
4
), 3
4
) ≤
d(f(y2), y2) ≤ d(f(y1), y1) ≤ d(f(
1
2
), 1
2
) for each pair y1, y2 ∈ [
1
2
, 3
4
] whenever y1 ≤ y2.
Also, Of (y) = Of (y) ∪ {0, 1} and Of(y) ∩ [
1
2
, 3
4
] 6= φ, for each y ∈ (0, 1). Since f is
a strictly increasing homeomorphism, we conclude that Mf ([0, 1]) = [0, 1]. From [6,
Lemma 4.1], we get that f has shadowing property and hence from [13, Theorem 2.7],
we get that every point of [0, 1] is a topologically stable point of f . Define the action
Φ ∈ Act(Z, [0, 1]) by Φ1(x) = f(x), for each x ∈ [0, 1]. From Remark 3.3, we get that
Φ is the pointwise topologically stable action. Clearly, Φ is not an expansive action
implying that Φ is the non-expansive pointwise topologically stable action with shad-
owing property. Therefore the expansivity of an action is not a necessary condition
for the topological stability of a shadowable point of that action.
Example 3.11. [24, Theorem 2] Consider the homeomorphism f◦ : [0, 1] → [0, 1]
defined as follows:
f◦(x) =


1
2
x if x ∈ [0, 1
4
]
3
2
x− 1
4
if x ∈ [1
4
, 3
4
]
1
2
x+ 1
2
if x ∈ [3
4
, 1],
where [0, 1] is equipped with the usual metric. Set pn =
1
2n
and p−n = 1−
1
2n
, for each
n ∈ N. Let X = [0, 1]/ ∽ be the quotient space of [0, 1] by the relation “ ∽ ” defined
as x ∽ y if and only if either x = y or x, y ∈ {0, 1}. Consider the homeomorphism f
on X defined as follows:
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f(x) =


0 if x = 0
pn+1 + (
1
2n+1
)f◦(2
n+1(x− pn+1)) if x ∈ [pn+1, pn].
p−n + (
1
2n+1
)f◦(2
n+1(x− p−n)) if x ∈ [p−n, p−n−1].
In [24, Theorem 2], Yano proved that f has shadowing property and f is not topolog-
ically stable. Using similar arguments as in Example 3.10, we observe that Mf (X) =
X \{0}. Therefore from [13, Theorem 2.7], we conclude that the set of all topologically
stable points of f is X \ {0} which is dense in X. We are not aware that whether
“0” is a topologically stable point of f or not. Define the action Φ ∈ Act(Z,X) by
Φ1(x) = f(x), for each x ∈ X. From Remark 3.3 we get that Φ has dense set of
topologically stable points but Φ is not topologically stable. Recall that the unit circle
S
1 and X are homeomorphic metric spaces. Since topological stability and shadowing
property of an action are invariant under conjugacy, from Proposition 3.6 we get that
Φ will generate a non-topologically stable action on the unit circle having dense set of
topologically stable points. Therefore the density of the set of all topologically stable
points of an action need not imply the topological stability of that action.
4. β-Persistence and Pointwise Topological Stability
In this section, we introduce the notion of β-persistent points and β-persistent
measures of finitely generated group actions. We prove that every equicontinuous
pointwise topologically stable action on a compact metric space is β-persistent.
Definition 4.1. Let Φ ∈ Act(G,X). Then a point x ∈ X is said to be a β-persistent
point of Φ (with respect to S), if Φ is β-persistent (with respect to S) through {x}.
The set of all β-persistent points of Φ (with respect to S) is denoted by PeXS (Φ). We
say that Φ is pointwise β-persistent (with respect to S), if PeXS (Φ) = X.
Remark 4.2. Let Φ ∈ Act(G,X) and (Y, p) be a metric space. Then the definition of
β-persistent points of Φ is independent of the choice of a generator of G. Moreover,
PeYS (HΦH
−1) = H(PeXS (Φ)), for a homeomorphism H : X → Y .
Let Φ,Ψ ∈ Act(G,X). Then for each ǫ > 0 and for each x ∈ X , we denote
Γxǫ (Φ,Ψ) =
⋂
g∈G
Ψg−1(B[Φg(x), ǫ]) = {y ∈ X : d(Φg(x),Ψg(y)) ≤ ǫ, for each g ∈ G}.
We define B(ǫ,Φ,Ψ) = {x ∈ X : Γxǫ (Φ,Ψ) 6= φ}.
Lemma 4.3. Let Φ,Ψ ∈ Act(G,X). Then B(ǫ,Φ,Ψ) is a compact subset of X, for
each ǫ > 0.
Proof. Since X is compact, it is sufficient to show that B(ǫ,Φ,Ψ) is a closed subset
of X , for each ǫ > 0. Fix an ǫ > 0 and choose a sequence {xi}i∈N in B(ǫ,Φ,Ψ) such
that xi → x, for some x ∈ X . Then there exists a sequence {yi}i∈N in X such that
d(Φg(xi),Ψg(yi)) ≤ ǫ, for each g ∈ G and for each i ∈ N. Since X is a compact metric
space, we can assume that yi → y, for some y ∈ X . Note that y ∈ Γ
x
ǫ (Φ,Ψ) and hence
x ∈ B(ǫ,Φ,Ψ) implying that B(ǫ,Φ,Ψ) is a closed subset of X . 
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Proposition 4.4. Let Φ ∈ Act(G,X). Then PeXS (Φ) is an Fσδ-subset of X and hence
measurable.
Proof. For each pair ǫ, δ > 0, we define C(ǫ, δ) = {x ∈ X : Γxǫ (Φ,Ψ) = φ, for some Ψ ∈
Act(G,X) satisfying dS(Φ,Ψ) ≤ δ}. Note that X \ Pe
X
S (Φ) =
∞⋃
m=1
∞⋂
n=1
C(m−1, n−1).
From Lemma 4.3, we get that C(m−1, n−1) is an open subset of X , for each pair
m,n ∈ N implying that X \ PeXS (Φ) is a Gδσ-subset of X and hence Pe
X
S (Φ) is an
Fσδ-subset of X . 
Definition 4.5. Let Φ ∈ Act(G,X). Then a measure µ ∈ M(X) is said to be β-
persistent (with respect to Φ and S), if for each ǫ > 0, there exists a δ > 0 such that
µ(B(ǫ,Φ,Ψ)) = 1, for each Ψ ∈ Act(G,X) satisfying dS(Φ,Ψ) ≤ δ. The set of all
β-persistent measures (with respect to Φ and S) is denoted by M
(S,X)
Pe (Φ).
Definition 4.6. Let Φ ∈ Act(G,X). Then a measure µ ∈ M(X) is said to be β-
almost persistent (with respect to Φ and S), if µ(PeXS (Φ)) = 1. The set of all β-almost
persistent measures (with respect to Φ and S) is denoted by M
(S,X)
APe (Φ).
Remark 4.7. The notions of β-persistent measures and β-almost persistent measures
of finitely generated group actions are independent of the choice of a generator of the
group.
Proposition 4.8. Let Φ ∈ Act(G,X). Then the following statements are true:
(1) PeXS (Φ) = {x ∈ X : mx ∈ M
(S,X)
Pe (Φ)}.
(2) If {µ1, . . .,µk} ⊆ M
(S,X)
Pe (Φ) and t1, . . ., tk ∈ (0, 1] satisfies
∑k
i=1 ti = 1,
then
∑k
i=1 tiµi ∈ M
(S,X)
Pe (Φ).
Proof. We proceed as follows:
(1) Note that if x ∈ PeXS (Φ), then Supp(mx) = {x} ⊆ Pe
X
S (Φ) implying that
mx ∈ M
(S,X)
Pe (Φ). Conversely, choose an mx ∈ M
(S,X)
Pe (Φ), for some x ∈ X .
For a given ǫ > 0, choose a δ > 0 such that mx(B(ǫ,Φ,Ψ)) = 1 whenever
dS(Φ,Ψ) ≤ δ by β-persistence of mx (with respect to Φ and S). Since x ∈
B(ǫ,Φ,Ψ) and ǫ is chosen arbitrarily, we get that x ∈ Pe
(S,X)
S (Φ).
(2) Set µ =
∑k
i=1 tiµi. For a given ǫ > 0, choose δ1, . . . , δk > 0 by definition of β-
persistent measure of Φ. Set δ = min{δ1, . . . ,δk}. Note that µ(B(ǫ,Φ,Ψ)) =∑k
i=1 tiµi(B(ǫ,Φ,Ψ)) =
∑k
i=1 ti = 1 whenever dS(Φ,Ψ) ≤ δ. Since ǫ is chosen
arbitrarily, we get that µ ∈ M
(S,X)
Pe (Φ).

Lemma 4.9. Let Φ ∈ Act(G,X). Then Φ is β-persistent (with respect to S) if and
only if M
(S,X)
Pe (Φ) =M(X).
Proof. Note that if Φ is β-persistent (with respect to S), then for each µ ∈ M(X)
and for each ǫ > 0, there exists a δ > 0 and a Borelian B ⊆ X with µ(B) = 1 such
that for each Ψ ∈ Act(G,X) with dS(Φ,Ψ) ≤ δ and for each x ∈ B, there exists
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a y ∈ X such that d(Φg(x),Ψg(y)) ≤ ǫ, for each g ∈ G and hence µ ∈ M
(S,X)
Pe (Φ),
for each µ ∈ M(X). Conversely, suppose that M
(S,X)
Pe (Φ) = M(X) but Φ is not β-
persistent (with respect to S). Therefore there exists an ǫ > 0, a sequence of actions
{Ψi}i∈N ⊆ Act(G,X) and a sequence {xi} ⊆ X such that dS(Φ,Ψi) ≤
1
i
, for each
i ∈ N and Γxiǫ (Φ,Ψi) = φ, for each i ∈ N. Define µ =
∑∞
i=1
mxi
2i
. For the above ǫ,
choose a δ > 0 by β-persistent property of µ (with respect to Φ and S). Choose a
k ∈ N such that 1
k
< δ. Then there exists a Borelian Bk with µ(Bk) = 1 such that
Γyǫ (Φ,Ψk) 6= φ, for each y ∈ Bk. Since µ(Bk) = 1, we get that mxk(Bk) = 1 implying
that xk ∈ Bk. Therefore we get that Γ
xk
ǫ (Φ,Ψk) 6= φ, which is a contradiction. 
Proposition 4.10. Let Φ ∈ Act(G,X) then M
(S,X)
Pe (Φ) is an Fσδ subset of M(X).
Proof. For a given ǫ > 0 and a δ > 0, we denote C(ǫ, δ) = {µ ∈M(X) : µ(B(ǫ,Φ,Ψ))
< 1, for some Ψ ∈ Act(G,X) with dS(Φ,Ψ) ≤ δ}. Note that C(ǫ, δ) is an open
subset ofM(X), for each pair ǫ, δ > 0 andM(X) \M
(S,X)
Pe (Φ) =
∞⋃
m=1
∞⋂
n=1
C(m−1, n−1).
Therefore M(X) \M
(S,X)
Pe (Φ) is a Gδσ subset ofM(X) and hence M
(S,X)
Pe (Φ) is an Fσδ
subset of M(X). 
Lemma 4.11. Let Φ ∈ Act(G,X). If X has no isolated points, then Φ is β-persistent
(with respect to S) if and only if every non-atomic Borel probability measure on X is
a β-persistent measure (with respect to Φ and S).
Proof. Forward part follows from Lemma 4.9. Conversely, suppose that every non-
atomic Borel probability measure on X is a β-persistent measure (with respect to
Φ and S) but Φ is not β-persistent (with respect to S). Therefore there exists an
ǫ > 0, a sequence of actions {Ψi}i∈N ⊆ Act(G,X) and a sequence {xi} ⊆ X such
that dS(Φ,Ψi) ≤
1
i
, for each i ∈ N and Γxiǫ (Φ,Ψi) = φ, for each i ∈ N. Recall
that if X is a compact metric space without isolated points, then for each x ∈ X
and for each ǫ > 0, there exists a non-atomic Borel probability measure ν such that
x ∈ supp(ν) ⊆ B[x, ǫ] [10, Lemma 7]. Therefore there exists a sequence of non-atomic
Borel probability measures {µi} such that xi ∈ supp(µi) ⊆ B[xi, ǫ], for each i ∈ N.
Define µ =
∑∞
i=1
µi
2i
. Now, one can complete the proof by similar arguments as given
in the proof of Lemma 4.9. 
Lemma 4.12. Let Φ ∈ Act(G,X). If Φ is equicontinuous, then PeXS (Φ) is a closed
subset of X.
Proof. Let {xi}i∈N be a sequence of β-persistent points (with respect to S) converging
to some x ∈ X . Let ǫ > 0. For ǫ
2
, choose an η > 0 by the equicontinuity of Φ.
Choose a k ∈ N such that d(x, xk) < η. Therefore d(Φg(x),Φg(xk)) <
ǫ
2
, for each
g ∈ G. For ǫ
2
, choose a δ > 0 from β-persistence of xk (with respect to S). Hence
if given Ψ ∈ Act(G,X) satisfies dS(Φ,Ψ) ≤ δ, then there exists a y ∈ X such that
d(Φg(xk),Ψg(y)) ≤
ǫ
2
implying that d(Φg(x),Ψg(y)) ≤ ǫ. Since ǫ is chosen arbitrarily,
we get that x is a β-persistent point of X (with respect to S). 
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Lemma 4.13. Let Φ ∈ Act(G,X) be an equicontinuous action. Then M
(S,X)
APe (Φ) ⊆
M
(S,X)
Pe (Φ).
Proof. Suppose that µ ∈ M
(S,X)
APe (Φ) \ M
(S,X)
Pe (Φ). Then there exists an ǫ > 0, a se-
quence {Ψi}i∈N ⊆ Act(G,X) satisfying dS(Φ,Ψ
i) ≤ 1
i
, for each i ∈ N and a sequence
{Bi}i∈N ⊆ B(X) of positive measurable sets such that Γ
z
ǫ(Φ,Ψi) = φ, for each z ∈ Bi
and for each i ∈ N. Therefore (Bi∩supp(µ)) 6= φ, for each i ∈ N. Since µ ∈ M
(S,X)
APe (Φ)
and Φ is equicontinuous, from Lemma 4.12, we get that supp(µ) ⊆ PeXS (Φ) = Pe
X
S (Φ)
implying that (Bi∩supp(µ)) ⊆ (Bi∩Pe
X
S (Φ)) 6= φ, for each i ∈ N. Therefore by com-
pactness of X and from Lemma 4.12, we can choose a sequence {xi ∈ Bi∩Pe
X
S (Φ)}i∈N
converging to some x ∈ PeXS (Φ). For
ǫ
2
, choose a δ > 0, by the equicontinuity of Φ and
β-persistent property of Φ (with respect to S) through {x}. Choose a k ∈ N such that
max{d(x, xk), dS(Φ,Ψ
k)} < δ. Therefore d(Φg(x),Φg(xk)) <
ǫ
2
, for each g ∈ G and
d(Φg(x),Ψ
k
g(y)) ≤
ǫ
2
, for each g ∈ G and for some y ∈ X . Hence d(Φg(xk),Ψ
k
g(y)) ≤ ǫ,
for each g ∈ G implying that y ∈ Γxkǫ (Φ,Ψ
k). Since xk ∈ Bk, we get a contradiction
and hence µ ∈ M
(S,X)
Pe (Φ). 
Theorem 4.14. Let Φ ∈ Act(G,X). If Φ is an equicontinuous pointwise topoologically
stable action (with respect to S), then Φ is β-persistent (with respect to S).
Proof. First, we claim that every equicontinuous topologically stable point of Φ (with
respect to S) is a β-persistent point (with respect to S). Choose an x ∈ EX(Φ)∩TXS (Φ)
and an ǫ > 0. For ǫ
2
, choose an η > 0 by the equicontinuity of Φ at x. For η,
choose a δ > 0 by topological stability of Φ (with respect to S) at x. Choose a
Ψ ∈ Act(G,X) satisfying dS(Φ,Ψ) < δ. Therefore there exists a continuous map
h : OΨ(x) → X such that Φgh = hΨg, for each g ∈ G and d(h(z), z) < δ, for each
z ∈ OΨ(x). Therefore d(h(x), x) < δ and hence d(Φg(h(x)),Φg(x)) <
ǫ
2
, for each
g ∈ G. Hence d(Φg(x),Ψg(x)) ≤ d(Φg(x),Φg(h(x))) + d(h(Ψg(x)),Ψg(x)) < ǫ, for
each g ∈ G. Since ǫ is chosen arbitrarily, we get that x ∈ PeXS (Φ). Since Φ is
an equicontinuous pointwise topologically stable action (with respect to S), our last
claim proves that EX(Φ) = TXS (Φ) = Pe
X
S (Φ) = X implying that Φ is pointwise
β-persistent (with respect to S) and hence M
(S,X)
APe (Φ) = M(X). From Lemma 4.13
and Lemma 4.9, we get that Φ is β-persistent (with respect to S). 
Example 4.15. Let g be an equicontinuous pointwise topologically stable homeomor-
phism on an uncountable perfect compact metric space (Y, d0) [12]. Let p be a periodic
point of g with prime period t ≥ 1. Define the compact metric space (X, d) and the
homeomorphism f on X as in Example 3.5. Note that x ∈ X is an isolated point of
X if and only if x ∈ E. Let G = Z be the group of integers and let S be the symmetric
generating set of G containing {i : −t ≤ i ≤ t}. Now, define the action Φ ∈ Act(G,X)
as follows: Φ1(x) = f(x), for each x ∈ X. Since g is equicontinuous homeomorphism,
we get that f is equicontinuous homeomorphism and hence Φ is equicontinuous action.
Following steps as in Example 3.5, we get that every point of E is a topologically stable
point of Φ. Now, choose a y ∈ Y and an ǫ > 0. For ǫ, choose a δ > 0 by topological
stability of point y under g. Suppose that dS(Φ,Ψ) < δ. Since Y has no isolated
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points, we have Ψ1(Y ) = Y and hence OΨ(y) = OΨ1(y) ⊆ Y . Therefore we can
choose a continuous map h : OΨ(y)→ X such that Φ ◦ h = h ◦Ψ and d(h(z), z) < ǫ,
for each z ∈ OΨ(y). Since y is chosen arbitrarily, we get that every point of Y is
also a topologically stable point of Φ implying that Φ is an equicontinuous pointwise
topologically stable action. From Theorem 4.14, we get that Φ is β-persistent.
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